A d-dimensional dual arc in PG(n, q) is a higher dimensional analogue of a dual arc in a projective plane. For every prime power q other than 2, the existence of
Introduction
Let q = p e be a power of a prime p with e ≥ 1, and let G F(q) be the field of q elements. To distinguish the dimension as a projective space and that as a vector space, we use the terminology rank to refer to the latter. For a vector space V of rank n + 1 over G F(q), PG(V ) denotes the associated Desarguesian projective space of dimension n. We denote by PG(n, q) the isomorphism class of PG(V ). Sometimes PG(V ) is used to indicate the set of projective points of PG(V ). The number of projective points of PG(n, q) is denoted It is not difficult to see that the existence of a 1-dimensional dual arc (of at least three members) in PG(n, q) implies n = 2, and that the notion of 1-dimensional dual arcs coincides with that of dual arcs in PG (2, q) , that is, a set of lines no three of which contains a point in common. Thus the notion of dual hyperovals and arcs can be thought of as a higher dimensional analogue of that of dual hyperovals and dual arcs in a projective plane. Hence, we only consider the case d ≥ 2, throughout the paper.
The notion of dual hyperovals was first appeared in the paper by Huybrechts and Pasini [6] , and that of dual arc was introduced by the author [12, Section 2] as its generalization. See [7, 8] for relations of dual hyperovals with semibiplanes and a class of distance regular graphs.
Several fundamental properties of dual hyperovals were obtained by Del Fra [3] as well as the classification of 2-dimensional dual hyperovals. Specifically, he succeeded in characterizing the remarkable 2-dimensional dual hyperoval in PG (5, 4) with the automorphism group the Mathieu group M 22 , in a geometric property, the property (T ) (Proposition 11). Characterization of d-dimensional dual hyperovals in PG(2d, q) was achieved by Cooperstein and Thas [2] .
As for constructions, Huybrechts [5] gave a d-dimensional dual hyperoval in PG(D, 2), where D = d(d + 3)/2, for every d, and the author gave a family of them in PG(2d + 1, 2) [11] which is doubly indexed by the numbers m, n with 1 ≤ m, n ≤ d coprime to d + 1 for every d. The former can be thought of as an example of the "cap construction" of dual arcs (Section 3.2). Recently, Thas and van Maldeghem provide several characterizations of the Veronesean [9, 10] , the "second" of which [10, Section 3] is based on the following observation: for every prime power q and d ≥ 2, using the Veronesean, we can construct [10, Section 3] are the dual form of the axioms (D Ai) (i = 1, 2, 3) above.) It can be extended to a dual hyperoval if and only if q is even (Corollary 8 in Section 3). Remark that for q = 2 the d-dimensional dual hyperoval in PG(D, 2) constructed by Huybrechts is not isomorphic to the dual hyperoval by Thas and van Maldeghem (Proposition 11).
When there exists a d-dimensional dual arc in PG(n, q), then we have an obvious lower bound 2d ≤ n, because 2d is the dimension of the subspace of PG(n, q) spanned by two members of the dual arc by the axiom (D A1). Then it is natural to ask:
Find an upper bound on the dimension n of the ambient space PG(n, q) of a d-dimensional (complete) dual arc, in terms of d and q. Del Fra [3, Proposition 2.3] gave the following bound when there exists a d-dimensional dual hyperoval in PG(n, q):
The main aim of the present paper is to provide an improvement of his bound.
Theorem 1 Assume that
Observe that the number α(q) in the statement (i) above is positive for every prime power q other than 2 and every d ≥ 2. The upper bound in (i) is specifically valid for dual hyperovals as well as dual arcs of second-maximum size θ q (d). In view of the construction by Thas and van Maldeghem mentioned above, we conclude that the upper bound for n given in (i) is best possible for every prime power q other than 2 and every d ≥ 2.
As every d-dimensional dual arc in PG(n, q) of size θ q (d) can be uniquely extended to a dual hyperoval if q is even (Proposition 9), the upper bound in (ii) is valid for a dual arc A of size θ 2 (d) as well. It is likely that n ≤ D even in the case q = 2, though the author has not yet succeeded to show that. When 1 ≤ d ≤ 5, we have the bound n ≤ D (see Proposition 5) .
The proof of theorem will be given in Section 2. In Section 3, several constructions of dual arcs will be given, including expositions for the construction by Thas and van Maldeghem.
Proof of theorem
Straightforward calculations give the following, which gives an account for the value α(q) in Theorem 1(i).
Lemma 2 We have
(Note that the value α(q) is positive if q ≥ 3, while it is negative when q = 2.)
We now prepare two lemmas on the intersections of members of a dual arc in PG(n, q) with subspaces of PG(n, q). Note that Lemma 4 below is valid only for a dual hyperoval, and will not be used in the proof of Theorem 1(i).
Lemma 3 Let A be a d-dimensional dual arc in P G(n, q). Assume that a subspace W of P G(n, q) contains at least
Thus X ⊆ W for every member X ∈ A, and hence W = A = PG(n, q). 
Lemma 4 Let
For such a point P, there is a unique member X (P) of H distinct from Y with Y ∩ X (P) = {P}, as H is a dual hyperoval. As dim(X (P) ∩ W ) ≥ d − 1 by our assumption, we have
We now begin the proof of Theorem 1. Let A be a d-dimensional dual arc in PG(n, q) with n ≥ 2. First, we fix two distinct members A and B of A, and define 
Next, we inductively define subsets R i of A, subspaces U i of PG(n, q), and non-negative integers l i as follows, until we reach at the stage when l i = 0.
Assume that R i and U i are given. Let d − l i be the smallest dimension of U i ∩ X for X ranging over R i . We may assume l i ≥ 1. Let X i be a member of
Hence we have a properly decreasing sequence of non-negative integers
and therefore there exists a positive integer k such that
(Note that l 0 ≥ 1.) By the definition of l i , the condition l k = 0 implies that d = dim(U k ∩ X ) for every X ∈ R k , and hence the subspace U k contains all members of R k (and R k+1 = ∅). Conversely, the condition R i+1 = ∅ implies that l i = 0.
For every i = 1, . . . , k, the subspace U i also contains 2 + i members A, B, X 0 , . . ., X i−1 , none of which is a member of R i . This remark with the above observation implies that the subspace U k contains at least
Furthermore, we inductively have
We will now find a lower bound for the size of R i for 1 ≤ i ≤ k − 1 (so that l i ≥ 1). The map sending each member X of R i − {X i } to the point X ∩ X i is an injective map from R i − {X i } into the set of points of X i . As no three distinct members of A contain a common point, no member of R i − {X i } intersects X i at one of the following i + 2 points:
Thus there are at most
Therefore, we inductively have the following estimate:
We now separate the cases according as q > 2 or q = 2. First let q > 2 and assume the condition in Theorem 1(i).
Proof of Theorem 1(i):
From the above estimate ( * ) for i = k ≥ 1, we have
The right hand side of this inequality is at least
, 1). Now it follows from Lemma 2 that the above value coincides with
As the subspace U k of PG(n, q) contains all members of R k , it follows from the above estimate for |R k | and Lemma 3 that
Proof of Theorem 1(ii):
In the remainder of this section, we assume that q = 2 and A is a d-dimensional dual hyperoval in PG(n, 2). To stress on the fact that A is a dual hyperoval, we use the letter H instead of A. Then |H| = θ(d) + 1 and the previous estimate ( * ) for |R i | can be read as follows:
In order to prove that
, we separate the proof into several steps.
Step 1.
Proof:
. Thus it follows from the above estimate ( * * ) for i = k and q = 2 that
As U k contains all members of R k , this together with Lemma 3 implies that U k = PG(n, q).
Thus in the following, we assume that l k−1 = 1.
Step 2. If k = 1 and
Equality holds if and only if d = 2.
Hence in the following, we assume that l k−1 = 1 and k ≥ 2. In particular, the notation R k−2 , U k−2 , and l k−2 make sense. Furthermore, as
, the previous estimate ( * * ) for |R i | to q = 2 and i = k − 2 shows that:
for k ≥ 2 (note that this is trivially true for k = 2), and similarly,
We now divide the cases according as there is a member
Step
it follows from Lemma 3 that every member of H intersects the subspace
Step 4. If every member
Thus we may assume that there is a member
We now complete the proof of Theorem 1(ii)
Thus if the assumption of Step 3 is satisfied, then
The last value is less than 
Observing |R k |, we have the following refinement of Theorem 1(ii) when d ≤ 5.
Proposition 5 Assume that H is a d-dimensional dual hyperoval in P G(n, 2). Let k be the integer defined above. If
Proof: By Step 1 and Step 2 of the proof of Theorem 1(ii), we may assume that l k−1 = 1 and k ≥ 2.
Assume that k = 2. Then, from the estimate of |R i | with the fact that l 1 = 1 and l 0 ≥ 0, we have
As U 2 contains all members of R 2 , it follows from Lemma 3 that U 2 = PG(n, q).
Thus we may assume that k ≥ 3.
is a subsequence of (d − 1, . . . , 1) , we have the following estimate of |R k |:
Thus the subspace U k contains at least
Constructions of dual arcs

Veronesean construction
Let V (resp. W ) be a vector space over G F(q) of rank d + 1 (resp. For a vector x ∈ V , we denote by x ⊥ the subspace of V orthogonal to x with respect to b:
For a projective point P = [x] of PG(V ), we now define the subspace A(P) of PG(W ) by
We give an explicit description of the subspace A(P). 
Lemma 6
W ) of dimension d(d + 3)/2 − (d − 1)(d + 2)/2 − 1 = d.
Proposition 7 With the notation above, the following hold. (1) The set AV
d := {A(P) | P ∈ PG(V )} is a d-dimensional dual arc in P G(D, q), D = d(d + 3)/2, of size |AV d | = θ q (
d). (2) For three distinct members A(P), A(Q) and A(R) of AV d , we have either A(P), A(Q) ⊇ A(R) or dim( A(P), A(Q) ∩ A(R)) = 1.
The former holds if and only if P, Q and R lie on a line of P G(V ). (3) For P = [
. , d), all vectors of which are contained in A(P), A(Q) . On the other hand, we have A(P) ∩ A(R) = [e 00 + e 01 ] and A(P) ∩ A(Q) ∩ A(R) = ∅ in this case as well. Thus the axiom (D A2) is verified.
The calculations in the above paragraphs show the claim (2).
To check the claim (3), we set x := 
which contradicts the hypothesis. Hence there is no point Q of PG(V ) other than P with h(P) = A(P) ∩ A(Q).
In view of the above explicit model AV d , the following claim is easy to check. Then the set H := {h(A) | A ∈ A} consists of θ(d) = |A| points, and H coincides with the set of points P of PG(n, q) with the property that c(P) := |{X ∈ A | P ∈ X }| = 1. Thus A can be completed to a dual hyperoval if and only if H is a subspace, and then A ∪ {H } is the only dual hyperoval containing A. We now show that every (n − d)-dimensional subspace L intersects with H nontrivially. Suppose there is a (n − d)-dimensional subspace L which does not contain any point of H . Then it follows from the first paragraph that L does not contain any point P of PG(n, q) with c(P) = 1. As c(P) ≤ 2 for every point P of PG(n, q), then the set P(L) of points on L is a disjoint union of two subsets L 0 and L 2 , where
Corollary 8 The above d-dimensional dual arc
AV d in P G(D, q), D = d(d + 3)/2,
Proposition 9 Let A be an arbitrary d-dimensional dual arc in P G(n, q) of size |A| = θ (d). If q is even, then A can be uniquely extended to a d-dimensional dual hyperoval.
Proof: Let
We count the following set in two ways:
Fixing P ∈ P(L) first, the size of this set is calculated to be 0 · |L 0 | + 2|L 2 |, in particular, it is even. On the other hand, denoting by d(X ) the dimension of the intersection L ∩ X , the size is calculated to be
which is a contradiction.
Hence, applying a remarkable characterization of subspaces by Bose and Burton [1] , we conclude that H is a subspace of PG(n, q) of dimension d. Then it is immediate to see that A ∪ {H } is a d-dimensional dual hyperoval in PG(n, q).
Cap construction and field extension
Let V be a vector space of rank
, that is, κ is a subset of projective points of PG(V ) such that (1) for any distinct points P and Q of κ, there is no point of κ \ {P, Q} on the line of PG(V ) through P and Q, and (2) κ has d + 2 linearly independent points.
Consider the exterior square
Then X (P) does not depend on the choice of a vector p generating P, and is a subspace of W of rank d + 1, as the map V x → p ∧ x ∈ X (P) is a linear surjection with kernel [p].
Proposition 10 For every cap κ of P G(V ) ∼ = PG(d + 1, q) generating P G(V ), the following hold with the notation above. (i) The family
Proof: (i) As we saw above, each member
. By the definition of X (P), it is easy to see that X (P) ∩ X (Q) coincides with the point [p∧q], where [p] = P and [q] = Q. (This corresponds to the line through P and Q in PG(V )). As κ is a cap, there is no point on the line through P and Q other than P and Q. Thus for a point R ∈ κ \ {P, Q}, the point X (P) ∩ X (R), which corresponds to the line of PG(V ) through P and R, is distinct from X (P) ∩ X (Q). Thus X (P) ∩ X (Q) ∩ X (R) = ∅. (ii) Let P = [e 0 ], Q = [e 1 ], R = [e 2 ] be three mutually distinct points of PG(V ). As κ is a cap, e i (i = 0, 1, 2) can be extended to a basis e i (i = 0, . . . , d +1) of V . Assume that w is a vector of W lying in both X (P), X (Q) and X (R). We write w = (e 0 ∧x)+(e 1 ∧y) = e 2 ∧z for x = α 0 e 1 + β 0 e 2 + x , y = α 1 e 0 + β 1 e 2 + y , z = α 2 e 0 + β 2 e 1 + z , where x , y and z belong to e i | i = 3, . . . , d + 1 and
In particular, w = β 0 (e 0 ∧ e 2 ) + β 1 (e 1 ∧ e 2 ), which lies in the line through X (P) ∩ X (R) = [e 0 ∧ e 2 ] and X (Q) ∩ X (R) = [e 1 ∧ e 2 ]. Hence we have X (P), X (Q) ∩ X (R) = X (P) ∩ X (R), X (Q) ∩ X (R) and the claim follows.
Remark If A(κ) is complete, then κ is maximal with respect to inclusion. However, the converse may not hold in general. Many examples of maximal caps are known. With each of them, a dual arc satisfying property (T ) can be associated from Proposition 10(ii). It is an interesting problem whether or not it is complete.
, is a dual hyperoval. This is nothing more than the Huybrechts dual hyperoval [5] (see also the expositions after [7, Proposition 6.5] ). We denote it by H(κ d+1 ).
Both HV d for q = 2 (see Corollary 8) and
However, the latter satisfies property (T ) from Proposition 10 (ii) but the former does not from Proposition 7(2). Thus we obtain:
Remark Del Fra [3, Theorems 2 and 3] showed that there are two isomorphism classes of 2-dimensional dual hyperovals in PG (5, q) 
. For q = 4, he also showed [3, Theorem 4] that such a dual hyperoval satisfying property (T ) is isomorphic to the one with the automorphism group M 22 acting triply transitively on the 22 = θ 4 (2) + 1 members. The dual hyperoval HV 2 for q = 4 belongs to the other class from Proposition 7(2).
As for the field extension, the dual arcs behave nicely. The following is straightforward to verify. Remark It may be an interesting problem to examine when A ⊗ G F(q e ) is complete.
Proposition 12 Let
A be a d-dimensional dual arc in P G(V ) ∼ = PG(n,
Quotients
For completeness, we give some remark on the dimensions of ambient spaces of the quotients of dual arcs we constructed above. However, we do not attempt to be best possible here. We first recall a definition, which was first given in [Hu] to dual hyperovals.
We say that A coversĀ (orĀ is a quotient of A), if there exists a linear map ρ from U onto V such that (X )ρ ∈Ā for every member X of A and that the map A X → (X )ρ ∈Ā is a bijection. 
Proposition 13 Let
As A satisfies the axiom (D A2), the latter condition is automatically satisfied if the former holds. Hence the existence ofĀ implies the existence of a nonzero subspace K of U such that
Conversely, if there exists such a subspace K of U , thenĀ :
We will verify that the above two conditions are equivalent to the condition
Assume first that the previous two conditions are satisfied. Then for any vector
from the second condition, and hence x = z + k for some k ∈ K , where
from the first condition, and hence x + y = x − z ∈ X ∩ K = {0}. Conversely, if the above condition is satisfied, then we clearly have X ∩ K = {0} for every X ∈ A. For x + k = y + k ∈ (X + K ) ∩ (Y + K ) with x ∈ X , y ∈ Y and k, k ∈ K , we have x − y = k − k ∈ X, Y ∩ K = {0}, and hence x = y ∈ X ∩ Y , as required. Thus the former part of the claim is established.
The latter remark follows by observing that the condition above is satisfied by any nonzero subspace L of K as well. 
, which is a quotient of the Huybrechts dual hyperoval H(κ d+1 ).
As for the dual arcs covered by the Veronesean dual arc AV d , the following is verified, though it would be improved much. 
Proof:
We use the notation in Section 3.1. We also use the symbol ( On the other hand, it follows from our hypothesis that for every subspace K of PG(W ) of dimension m, there is at least one member A(l) of L such that K ∩ A(l) contains a point. Thus the above number is at least (
D+1 m+1
) q = ( To show the claim on quotients of HV d , assume that q is even with q > 2. As a quotient of AV d in PG(l, q) with 4d − 1 ≤ l ≤ D has θ (d) members, it follows from Proposition 9 that it can be uniquely extended to a dual hyperovalH in PG(l, q). The additional ddimensional subspace is the set of holes (see the proof of Proposition 9), and hence it bijectively corresponds to the unique member {h(P) | P ∈ PG(V )} of HV d \AV d . Thus the dual hyperovalH is covered by HV d .
